
2 c 

f 
!' 

1: ~ 

N A T I O N A L  A E R O N A U T I C S  A N D  S P A C E  A D M I N I S T R A T I O N  

MSC INTERNAL NOTE NO. 67-FM-83 

June 23,1967 

MINIMUM A V ,  TWO-IMPULSE 
COPLANAR TRANSFER ONTO A 

HYPERBOLIC ESCAPE TRAJECTORY 
FROM A MARTIAN PARKING ORBIT 

mwm mmm 

~mwwmmmmmwmmmmmm 

By Wi l l i am C. Bean 
I w-m-m-m-m-m w w w m w w m m m  t w m m w m m m  

tmwmmmmmmmmmmmm' 
~mommmmmmmmmmmm' m m m o m e m m  ~ o m m m m o m  m m e m m e m a  
~ m m m o o m m  o m m m m m o a   meo om mom m o m m m e m a  
e m m m e m e m  m m o m m e m e  
t m e e e e o m  
~ m m m o e m o  

and  Ivan 1. Johnson,  Jr 

Mathematical  Physics Branch 

....... a ....... a ........ ....... ...... a 
a ....... ........ ....... I ,....... ........ ........ ,....... ........ ........ ........ ........ ....... ........ ....... ........ ....... ........ ....... 

-7 &< -., * r ...... .LL L L L  .I. 

J-iiC ...... I '1, aiza Piorth, f, '- I 

........ D. c -  

SSION P L A N N I N G  A N D  ANALYSIS DIVISION 

M A N N E D  SPACECRAFT CENTER 
HOUSTON, T E X A S  

N74-704 9 

Unclas  

H I N I M U R  VELOCITY 
.:-:.:-:-:-:IPIPuLsE VECTOR, TWO-IRPULSE C O P L A N A B  
: - :+: - :+TRANSFER . . . . . .  O N T O  A HYPERBOLIC ESCAPE 
' . ' . ' . ' . ' - ' .TRAJECTORY . . . . . .  FROM A H A R T I A N  P A R K I N G  O R B I T  . . . . .  . . . . . .  . . . .  oC/99 16127 .:(NASA) 14 p 

2 



MSC INTERNAL NOTE NO. 67-FM-83 

MINIMUM AV, TWO-IMPULSE COPLANAR TRANSFER 
ONTO A HYPERBOLIC ESCAPE TRAJECTORY FROM A 

MARTIAN PARKING ORBIT 

By William C. Bean and Ivan L. Johnson, Jr. 
Mathematical Physics Branch 

June23, 1967 

MISSION PLANNING AND ANALYSIS DIVISION 

NATIONAL AERONAUTICS AND SPACE ADMINISTRATION 

MANNEDSPACECRAFTCENTER 

HOUSTON, TEXAS 

t 

Approved: L k-4 Q-A & G A L \ ,  

James C. McPherso'n, Chief 
Mathematical Physics Branch 

Approved : 

Missio';UPlanning and Analysis Division 



* 

M I N I M I i M  AV, TWO-IMPULSE COPLANAR TRANSFER ONTO A HYPERBOLIC 

ESCAPE TRAJECTORY FROM A MARTIAN PARKING ORBIT 

By W i l l i a m  C .  Bean and Ivan L. Johnson, Jr. 

SUMMARY AND INTRODUCTION 

This r e p o r t  p re sen t s  t h e  r e s u l t s  of a study t o  determine a minimum 
AV, two-impulse t r a n s f e r  t r a j e c t o r y  from a 50-n. m i .  c i r c u l a r  parking 
o r b i t  above t h e  p l ane t  Mars onto a coplanar escape hyperbola t h a t  has 
been a r b i t r a r i l y  o r i en ted  and has an e c c e n t r i c i t y  of 7.46574006 and a 
semilatus rectum of  5.02191087 e . r .  This study w a s  conducted u t i l i z i n g  
t h e  acce le ra t ed  g rad ien t  method program ( r e f .  1) which i n  most cases  was 
modified t o  simultaneously determine both (1) a b e s t  i n s e r t i o n  p o i n t  
onto t h e  hyperbolic escape t r a j e c t o r y  and ( 2 )  t h e  minimum AV two-impulse 
t r a n s f e r  onto t h e  hyperbolic escape t r a j e c t o r y  a t  t h i s  p o i n t .  This 
modif icat ion assumes t h a t  t h e r e  me  given f i x r d  i n i t i a l  p o s i t i o n  and 
v e l o c i t y  vec to r s  i n  t h e  o r b i t a l  plane of t h e  t a r g e t  conic .  

SYMBOLS 

a 

e 

F 

F' 

h 

semimajor a x i s  of t a r g e t  hyperbola,  e . r .  

e c c e n t r i c i t y  of t a r g e t  hyperbola,  n.  d.  

performance index, e . r . / h r  

F + X g  T 

terminal  c o n s t r a i n t s  

s c a l a r  angular momentum of  t a r g e t  
hyperbola, ( e . r .  l 2 / h r  

semilatus rectum of  t a r g e t  hyperbola,  e . r .  

(x2 + y2)1/2,  e . r .  

components of s ta te  v e c t o r  af ter  t e rmina l  
impuse, e . r .  , e . r . ,  e . r . / h r ,  e . r . / h r  
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x, y 

a 

a* 

B 

Avo = L;] 
Avf = p:j 
ef  

0 
e 

P 

preassigned r ec t angu la r  coordinate  axes 

con t ro l  vec to r  

value of c o n t r o l  vec to r  f o r  which - 3F' 
aa 

vector vanishes 

change i n  general ized e c c e n t r i c  anomaly, 
(e . r . )  1 / 2  

i n i t i a l  v e l o c i t y  impulse v e c t o r ,  e . r . / h r  
__.__I_- - 

f i n a l  v e l o c i t y  impulse v e c t o r ,  e . r . / h r  

polar  angle measured p o s i t i v e l y  from p e r i -  
aps i s  i n  t h e  d i r e c t i o n  of motion, spec i fy ing  
t h e  i n s e r t i o n  p o i n t ,  deg 

true anomaly angle f o r  f i r s t  impulse man- 
euver, deg 

vector  of constant  Lagrange m u l t i p l i e r s  

t ranspose of A 

Mars g r a v i t a t i o n a l  constant  , 2.146659 
( e  .r. ) /hr2 

i n c l i n a t i o n  of p e r i a p s i s  o f  t a r g e t  hyperbola 
r e l a t i v e  t o  +X axis, deg 

METHOD 

I n  each computer run generated i n  t h e  study a t r a n s f e r  t r a j e c t o r y  
w a s  obtained by determining con t ro l  vec to r  a* which minimizes t h e  
performance index 
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sub jec t  t o  t h e  t e rmina l  cons t r a in t s  

r + ex cos 4 + ey s i n  4 - p 

~ he  s i n  $ 
+ + P r  P r  

P P 1-  [I + hx he cos 4 v - - -  

der ived  i n  t h e  appendix. The cont ro l  vec to r  a i s  def ined by 

a =  

where (Auo, Av 

and A V f ,  r e s p e c t i v e l y ,  and B 
e c c e n t r i c  anomaly'' ( r e f .  2 )  , i . e . ,  t h e  independent v a r i a b l e  a s soc ia t ed  
wi th  u n i v e r s a l  two-body equations and p a r t i a l  d e r i v a t i v e s .  

and (nu,, Av ) a r e  t h e  r ec t angu la r  components of AVO 
0 f 

i s  t h e  corresponding change i n  "general ized 

The t a r g e t  hyperbola is  or ien ted  such t h a t  $ = O o ( i  . e .  , p e r i a p s i s  i s  
on t h e  p o s i t i v e  X - a x i s ) ,  e = 7.46574006, and p = 5.02191087 e . r .  

b y h = G  and ~ . l  = 2.146659 (e.r.l3/hr2, h = 3.28334 ( e . r . ) 2 / h r .  

Fu r the r ,  

The 
corresponding p e r i a p s i s  a l t i t u d e  and v e l o c i t y  on t h e  t a r g e t  hyperbola 
were 0.59320400 e . r .  and 5.5349278 e.r. / h r .  The c h a r a c t e r i s t i c  s c a l a r  
v e l o c i t y  on t h e  50-n. m i .  c i r c u l a r  parking o r b i t  of r ad ius  0.54964918 e . r .  
p r i o r  t o  t h e  t r a n s f e r  maneuver was 1.9762357 e . r . / h r .  

V e r i f i c a t i o n  of a r e l a t i v e  minimum f o r  F w a s  ob ta ined  by comparing 
t o  zero t h e  values  found f o r  the  components of 

F' = F  + X g. 
g and aF ' / aa ,  where 

T 



4 

Thus 

- 7  

aF' 

1 

aF' 

- 
aa 

af f2  
- 

. -  
0 

0 

0 

0 

0 

..- 
i s  a necessary condi t ion  for a m i n i m u m  o f  F subjec t  t o  t h e  c o n s t r a i n t s  
g = 0. 

I n  c e r t a i n  except ional  cases  convergence could not be obtained because 
of  numerical d i f f i c u l t i e s  a r i s i n g  when t h e  opt imiza t ion  program was 
tending  t o  s e l e c t  an i n s e r t i o n  point we l l  beyond t h e  hyperbol ic  p e r i -  
a p s i s .  
problem of minimizing t h e  performance index F subjec t  t o  t e rmina l  
c o n s t r a i n t s  cha rac t e r i z ing  a spec i f i ed  s t a t e  vec tor  e i t h e r  10  or 1 5  hours 
of coas t ing  f l i g h t  time beyond t h e  hyperbol ic  p e r i a p s i s ;  i.e., subjec t  

Here t h e  problem w a s  replaced by an approximately equivalent  

to 

g =  
Q2 

g3 

g4 . -  
f o r  t h e  10-hour case ,  or t o  

for t h e  

x + 5.8557611 e . r .  

y - 48.3864552 e . r .  

u + 0.6490673 e . r . / h r  

v - 4.8025740 e . r . / h r  

+ 
+ 

- - 
x + 8.9919391 e . r .  

y - 71.5908990 e . r .  

u + 0.6487062 e . r . / h r  

v - 4.7996360 e . r . / h r  

+ 
+ - - 

- .  
0 

0 

0 

0 
L I  

- I  

0 

0 

0 

0 .. 
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The study cons i s t ed  o f  a sequence of runs assuming an impulse- 
coast-impulse type maneuver and using t h e  acce le ra t ed  g r a d i e n t  method 
program. For each case i n i t i a l  pos i t i on  and v e l o c i t y  components on t h e  
Mars c i r c u l a r  parking o r b i t  were input  t o  t h e  program. F i r s t  guesses 
f o r  ci were made t o  s tar t  t h e  program coverging t o  f i n d  a*. The 
f i r s t  impulse , AVO, f o r  t h e  t r a n s f e r  w a s  made at t r u e  anomaly B o  on 

t h e  parking o r b i t ,  and t h e  second impulse, AVf,  a t  t h e  p o l a r  angle ,  

O f ,  which i s  t h e  p o i n t  of i n s e r t i o n  onto t h e  hyperbolic t r a j e c t o r y .  

Two t y p i c a l  cases  a r e  shown i n  t h e  following f i g u r e .  

T ra j ec to ry  (1) , i n d i c a t e d  by t h e  dashed l i n e ,  i l l u s t r a t e s  a p a r t i c u l a r  
ca se ;  namely, e o  = -180°, f o r  which t h e  i n s e r t i o n  p o i n t  onto t h e  hyper- 

b o l a  i s  optimized by t h e  program. Here t h e  program s e l e c t s  ef  = o o ,  
i . e . ,  a Hohmann t r a n s f e r .  The incremental  v e l o c i t y  impulses,  

and (AV, Il, f o r  t h i s  e l l i p t i c a l  t r a n s f e r  t r a j e c t o r y  are i l l u s t r a t e d  

by t h e  dashed arrows. Trajectory ( 2 )  , i n d i c a t e d  by t h e  s o l i d  l i n e ,  il- 
lustrates a p a r t i c u l a r  ca se  for which t h e  i n s e r t i o n  po in t  i s  p r e s p e c i f i e d ,  
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namely 8 = - 0 . 5 O ,  o f  = 96.9004~.  The incremental  v e l o c i t y  impulses 

by t h e  s o l i d  arrows. 

0 

and (AVf )2 f o r  t h i s  hyperbolic t r a n s f e r  t r a j e c t o r y  are i l l u s t r a t e d  

RESULTS 

The r e s u l t s  a r e  given i n  the  t a b l e ,  which gives  p o l a r  angle  

f o r  i n s e r t i o n ,  performance index F ,  and c o n t r o l  vec tor  a* f o r  each 
case .  The maneuver r e s u l t i n g  i n  t h e  lowest performance index obtained 
w a s  given by run no. 1 4 ,  a two-impulse t r a n s f e r  i n i t i a t e d  at  t h e  po in t  
on t h e  c i r c u l a r  parking o r b i t  coincident with t h e  l i n e  of  symmetry of 
t h e  t a r g e t  hyperbola and terminated at  a f ixed  poin t  l y i n g  15 hours of 
f l i g h t  t i m e  beyond t h e  p e r i a p s i s .  
i s  given by 

O f  

Here, t h e  con t ro l  vec to r  s e l e c t e d  

3.6056 e . r . / h r  

1.6399 ( e . r . )  1 
and t h e  corresponding minimum performance index w a s  found t o  be 
F(cc*) = 3.6118429 e . r . / h r .  
s a t i s f i e d ,  t h u s  

The cons t r a in t s  f o r  run no. 1 4  were w e l l  

Also,  t h e  necessary condi t ion f o r  a minimum of F sub jec t  t o  t h e  
c o n s t r a i n t s  
w a s  found 

g = 0, namely aF'/aa = 0 ,  was wel l  sa t i s f ied ,  f o r  t h e r e  

-0.579 x 10'13 

-0 .505 x 10-13 

0.168 x 10-11 

0.349 x aa 

-0.429 x 
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CONCLUDING REMARKS 

J 

It should be noted t h a t  f o r  several runs attempted pe rmi t t i ng  a 
v a r i a b l e  i n i t i a l  coast  (as w e l l  as two-impulses) numerical d i f f i c u l t i e s  
were encountered. This might be i n t e r p r e t e d  as due t o  t h e  r e l a t i v e  
l a c k  of dependence of t h e  optimum performance index on t h e  p o s i t i o n  i n  
t h e  parking o r b i t  at which t h e  t r a n s f e r  i s  i n i t i a t e d .  This l a c k  of 
dependence may be regarded as due t o  t h e  re la t ive proximity o f  t h e  hyper- 
b o l i c  p e r i a p s i s  t o  t h e  parking o r b i t ;  it i s  known t h a t  f o r  c i r c u l a r  
cotangency with hyperbolic p e r i a p s i s  t h e  optimum two-impulse t r a n s f e r  
degenerates t o  a one-impulse maneuver and hence i s  t o t a l l y  independent 
of B o .  A f u r t h e r  run which f a i l e d  t o  a t t a i n  complete convergence in- 

d i c a t e d  t h a t  t h e  abso lu te  optimum two-impulse t ransfer  might be t h e  
lower bound 8 = -0.533 , Bf = 97.700°, and F M 3.28. This i n d i c a t e s  

t h a t  t h e  p o i n t  of i n s e r t i o n  approaches i n f i n i t y  on t h e  hyperbol ic  
asymptote as t h e  second impulse tends t o  vanish.  This r e s u l t  i s  sup- 
p o r t e d  by t h e  a n a l y s i s  i n  reference 3. 

0 
0 
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APPENDIX 

DERIVATION OF TERMINAL CONSTRAINTS CHARACTERIZING A G I V E N  C O N I C  

The t h r e e  c o n s t r a i n t s  which r e q u i r e  t h a t  t h e  t e r m i n a l  s ta te  vec to r  
c h a r a c t e r i z e  a conic with spec i f i ed  semi-latus rectum ( p ) ,  e c c e n t r i -  
c i t y  ( e )  , and i n c l i n a t i o n  (0) a re  he re in  der ived.  
p o s i t i o n  coordinates must s a t i s f y  t h e  p o l a r  equation for a conic , 

F i r s t  , t h e  t e rmina l  

By appropr i a t e  use of t h e  t ransformation equations x = r cos 8 ,  
y = r s i n  8 and t h e  i d e n t i t y  cos ( e  - 0) = cos 8 cos 0 + s i n  8 s i n  0, it 
i s  seen t h a t  t h e  t e rmina l  r ec t angu la r  p o s i t i o n  coordinates  x, y m u s t  
s a t i s f y  g = 0, where 1 

= r + ex cos 0 + ey s i n  4 - p ( 2 )  g l  

where r i s  given by r = dx2 + y2. 

Next, t h e  t e r m i n a l  v e l o c i t y  components i n  r e c t a n g u l a r  coordinates  
are determined. By d i f f e r e n t i a t i o n  of ( 2 )  t h e r e  follows . . 

(3)  r = ex cos $ - ey s i n  $ 

But by d i f f e r e n t i a t i o n  of r = d x 2  + y2  t h e r e  follows . 
r r = x x + y y  

By ( 3 )  and ( 4 )  t h e r e  i s  obtained 

(x  + re  cos 0); + (y + re  s i n  0); = o ( 5 )  

This r e s u l t  i s  compared t o  an a l t e r e d  ve r s ion  of t h e  equation obtained 
by d i f f e r e n t i a t i o n  of  (1) , i . e .  , 

e s i n  ( e  - $ ) 6  r =  
[1 + e cos ( e  - $)I2 



11 

Equation ( 6 )  is first a l t e r e d  i n  form by use of equation (1). 
Kepler equation 

Then t h e  

where h =G and u 
i n t o  ( 6 )  , y i e l d i n g  

i s  t h e  g r a v i t a t i o n a l  cons t an t ,  i s  s u b s t i t u t e d  

F i n a l l y ,  equat ion (8)  i s  a l t e r e d  by use of equat ion (4) , t h e  i d e n t i t y  
s i n  ( 8  - 4 )  = s i n  8 cos 0 - cos 8 s i n  4 ,  and t h e  t ransformation equations 
x = r cos 8 ,  y = r s i n  8 t o  y i e l d  

xeh s i n  0 - eh cos 4 x x + y y = y  
P P 

( 9 )  

By simultaneous s o l u t i o n  of ( 5 )  and ( 9 )  it i s  found t h a t  t h e  t e r -  

m i n d  r ec t angu la r  v e l o c i t y  components x, y must be related t o  t h e  t e r -  
minal  r ec t angu la r  p o s i t i o n  coordinates x ,  y by g2 = 0 and g 

. .  
= 0 ,  r e s p e c t i v e l y  , where 3 

and 

hx he COS 0 - 
P g3 - Y - - - P r  

Y 

4 
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